We study the effect of the coupling of a helical mode at the hinges of an higher order topological insulator (HOTI) to a proximate ferromagnet and to a proximate s-wave superconductor. We find that in contrast to the helical modes at the edges of an inversion symmetric two dimensional topological insulator, which are gapped by these couplings, the helical one-dimensional hinge modes generically remain gapless and spatially split. The ferromagnet turns the helical mode into a chiral mode that surrounds the magnetized region, and the superconductor, when strong enough, turns that mode to two helical Majorana modes that surround the superconducting region. The induced superconductor at the surface of a HOTI comprises a two dimensional, time-reversal invariant, topological superconductor. We propose that this state can be measured in electrical transport by an extension of previously proposed interferometry experiments.
Introduction Three dimensional time-reversal invariant higher-order topological insulators (HOTIs) have been predicted to host topologically protected helical modes in their one dimensional hinges [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . Promising candidates are Bismuth [4] and the strained topological crystalline insulator SnTe [3, 13] . Together with crystalline topological insulators [13, 14] and weak topological insulators, HOTIs rely on crystalline symmetries of the bulk to protect their boundary modes. In fact, HOTIs may be viewed as topological crystalline insulators in which the boundary breaks the crystalline symmetry and gaps the surface modes. We focus on HOTIs where the crystalline symmetry requires the surface gap to have globally irremovable topological defects [6, 7] that guarantee the stability one dimensional helical hinge modes, robust to local perturbations. This mode can be understood as the shared edge mode between the 2D topological states that comprise the surface of the HOTI.
In this work we study the fate of the hinge modes when subjected to perturbations that break time reversal symmetry (a ferromegnet or a Zeeman field) or charge conservation (a superconductor). We carry out this study in comparison to those helical modes appearing at the edges of an inversion symmetric 2D topological insulators (TI). We find striking differences between the two. While helical modes on the edges of inversion symmetric 2D TIs are gapped by these perturbations [15] [16] [17] [18] [19] [20] , this is generically not the case for the helical modes of HOTIs. When perturbations are spatially smooth, the hinge modes in HOTIs remain gapless, owing the additional protection to a momentum mismatch between the two counter-propagating chiral modes. When subjected to a Zeeman field, the chiral modes spatially split. The area confined by these modes then becomes an effective 3D-surface-based Chern insulator with the spin of the two chiral modes oppositely polarized. When coupled to a superconductor the helical mode on the hinge remains gapless. For strong enough coupling, it splits into two helical Majorana modes. The area confined between the two then forms a 3D-surface-based two dimensional
FIG. 1. (a)
An induced Zeeman field causes the hinge state to split into two spin-momentum locked chiral modes, forming a quantum anomalous Hall (QAH) region. When the field is strong enough to make two chiral modes that originate from different hinges overlap, these modes gap out, and the QAH region extends over the entire region in between hinges. (b,c) Proposed Majorana interferometer, as an extension to Refs. [15, 16] . In the proximity of an s-wave superconductivity the helical hinge mode separates into two helical Majorana modes. If an odd number of magnetic flux quanta are pierced into the superconductor, the phase of the Majorana modes surrounding the island changes to convert an electron into a hole current. This interference will be evident by an additional electron current of charge 2e from the superconductor to the ground, that ensures charge conservation. In contrast to the proposal of Refs. [15, 16] , this interferometer is symmetric to time-reversal.
time-reversal symmetric topological superconductor, see Fig.1 .
The splitting of the helical mode by its coupling to a superconductor has measurable consequences on charge transport. In particular, we show that our set-up provides a time-reversal-symmetric version of the Majorana arXiv:1807.04141v2 [cond-mat.mes-hall] 23 Jul 2018 intereferometer proposed to be realized on the surface a three dimensional topological insulator, gapped by a carefully designed set-up of ferromagnets and superconductors [15, 16] .
Model
The surface model we consider originates from the topology of a three dimensional bulk. If the crystalline symmetry is preserved at the surface, the surface gap vanishes and it realizes the anomalous Dirac theory of a TCI with two surface Dirac cones (valleys) [21] [22] [23] [24] [25] . When the surface breaks the bulk symmetry, the two valleys can be gapped by a time-reversal invariant mass, which can be interpreted as an applied magnetic field with an opposite sign at each valley [3, 6, 7] . Importantly, unless the leftover surface symmetry dictates otherwise, the two valleys are generically separated in the Brillouin zone. This is the case we consider. With H = Ψ † HΨ and Ψ = ((c ↑+ , c ↑− ), (c ↓+ , c ↓− )) T the fermionic operators carrying a spin index σ z = ↑, ↓ and a valley (or Dirac point) index ρ z = +, −, the Hamiltonian is given by
Here, k = (k x , k y ) and σ = (σ x , σ y ) represent the momenta and the spin matrices acting parallel to the surface. Identity matrices in spin and valley space are implicit. Note that both valleys have the same helicity and velocity v. We choose a representation where time reversal T interchanges the valleys, taking the nonstandard form T = σ y ρ x K , with K complex conjugation (alternatively, a unitary transformation U = exp i π 4 ρ x transforms time-reversal to T = iσ y K , and exchanges ρ z for ρ y in (1)). As in the case of Weyl semimetals [26] , the momentum separation of the two valleys implies that ρ z is a constant of motion, preserved by perturbations that vary slowly on the scale of 1/k 0 .
Seeing that inversion does not flip spin, inversion symmetry is explicitly broken by the Hamiltonian (1). Thus, in two dimensions this Hamiltonian can be used to describe two dimensional noncentrosymmetric topological insulators. In particular, our model resembles that of a 2D antiferromagnetic quantum spin insulator [27, 28] .
It is instructive to compare the hinge modes originating from the Hamiltonian (1) to the helical edge states of the commonly studied two dimensional topological insulator with inversion symmetry [29] [30] [31] [32] [33] . The Hamiltonian for the latter is,
where inversion, ρ x , and time-reversal, here T = iσ y K , enforce the two valleys to be at the center of the Brillouin zone. The two valleys, labelled ρ z , have opposite helicities and are their own time-reversal partners. Gapless hinge modes -review We now turn to study in detail the fate of helical 1D modes when in proximity to superconductors and ferromagnets. The two dimensional models presented in Eqs. (1) and (2) (1) and (2), we consider a generalized ansatz for wave function of the hinge modes [34] . The localized modes on the domain wall satisfy the Shcrödinger equation Hψ(y, k x ) = E(k x )ψ(y, k x ). In this case, we can make the decomposition
with N a normalization constant, P = P 2 a projector that selects the eigenvectors of Ω(y) that decay exponentially at |y| → ∞. The vector χ(k x ) is an eigenstate of the effective Hamiltonian H e = P HP and of P . Making the substitution k y → −i∂ y in Eq. (1), we find that Ω(y) satisfies
. (4) where we have collected the terms of the Hamiltonian projected out by P into terms that gap the Hamiltonian, M , and additional terms that shift the position of the valleys, A. The former include the surface gap m(y), as well as the Zeeman and superconducting terms to be introduced in the following sections. The Dirac matrix Γ multiplies the derivative term, here Γ = σ y . Akin to an inplane magnetic field on the surface of a 3D TI [35] , the terms collected in A can be absorbed in a gauge transformation, provided they are simultaneously diagonalizable with M (y) and ΓH e . This is the case for eA = k 0 y σ y ρ z , the valley momentum-separation perpendicular to the edge. Otherwise, A can lead to a full gap in the spectrum, but suppressed by the spatial separation of the bound states. In our convention, the form of P is fixed by selecting the positive eigenvalues of iΓM (∞). Here, M (y) = m(y)σ z ρ z and
The effective Hamiltonian H e admits two eigenvectors χ s with a nonzero projection, which we label by their chirality s = ±1, each with energy E s (k x ) = svk x + vk 
If the sign of m(y) is reversed, as would be the case for a neighboring hinge, the projectorP = (1 − σ x ρ z )/2 ensures that the eigenvalues of ρ z and σ x are opposite to one another. The modes at such a hinge arē ψ s (y) = Ω −s (y)(ρ x χ s ). Zeeman field We now consider applying an external Zeeman field in the z-direction, either as a magnetic field or by proximity-coupling to a ferromagnet. On a 2D topological insulator, a weak field gaps the helical modes. If it is strong enough it may induce a bulk phase transition into a quantum anomalous Hall state.
In the surface of a HOTI we find a very different scenario. The 2k 0 distance between the Dirac cones implies that a slowly varying Zeeman field will act diagonally in the valley subspace. Since the two valleys have the same helicity, and σ z ρ z does not break time-reversal symmetry, the only Zeeman term that can gap the hinge mode is m Z σ z . We first consider covering one hinge mode with a uniform ferromagnet. The effective mass function is M (y) = m(y)σ z ρ z + m Z (y)σ z . Since the two terms commute, we can apply the wavefunction ansatz in Eqs. (3) to (5) . Provided that far away from the hinge m(y) remains non-zero but the magnetic gap vanishes, it is m(y) that makes the gapless states decay at infinity and defines the projector. Then, P is not changed by the Zeeman field. Rewriting iΓM (y) = [σ x ρ z m(y) + σ x m Z (y)], we find that the two chiral modes become separated in the y direction, and are localized at the two y values for which m(y) = ±m Z (y). Assuming symmetry around y = 0, we denote these values by y = ±y Z , where the sign is determined by σ x . Given the effective Hamiltonian H e = v(k x + k 0 x ρ z )σ x P , the chirality is also determined by σ x . That is, the chirality is locked to the y position, as we expect for a Chern insulator, see Fig.1(a) . Interestingly, the spins of the two counter-propagating chiral modes are polarized in opposite directions.
Using a Zeeman mass function m Z (y) = m Z sech 2y/y 0 that is confined in a region around the hinge, we find the wavefunctions to have the modified profile
with Ω s (y) as defined in Eq.(6). The vectors χ s are not changed by m Z . Now we comment on Zeeman terms that scatter between Dirac cones and may in principle gap the counter-propagating modes, such as terms proportional to σ z ρ x or σ z ρ y . These are expected to be weak, since they involve scattering to states at energy of the order of vk 0 , which we assume larger than the Zeeman gap. Moreover, their effect is exponentially suppressed by the spatial separation between the two counter-propagating chiral modes. On the other hand, in-plane Zeeman field that gives rise to terms such as σ x or σ y will result in a joint shift in the location k 0 of the two valleys, but not gap the hinge modes. This is relevant when the Zeeman field on the hinge is induced by an external magnetic field. When two surfaces meet at an angle, an in-plane field is unavoidable. Finally, we consider a Zeeman mass that extends over a region that contains two hinge modes, localized at y = ±y h . Here, two different situations may occur. For a weak Zeeman field, the helical modes of the two hinge states will each split, as described above. There would then be chiral states localized at y = ±y h ±y Z , where y Z is determined by m(y) = ±m Z (y). As the Zeeman mass gets stronger and y Z approaches y h , two of the modes will get close to one another. Due to the two different values of ρ z σ x associated with the two hinges and the rigid locking of the spin σ x to the velocity in the x-direction, the spins of these counter-propagating modes will be antiparallel to one another, and their Dirac cones will be identical. Once the two modes have spatial overlap, the Zeeman field directed at the z-direction will couple the oppositely polarized spins on the two modes, and will gap the modes. The entire region between the hinges then becomes a quantum Hall anomalous state, bounded by two chiral modes, one originating from each hinge.
Superconductivity We now consider coupling an swave superconductor to a region that includes a helical hinge mode. Here, we see that the distinct spin structure of the 2D bulk will again lead to drastically different behaviour for the induced superconducting pairing and its bound states in the two cases presented in Eqs. (1) and (2) . Superconductivity is introduced at the mean field level by adding a particle-hole subspace τ z . We follow the convention of Ref. [17] , and write the Bogoliubovde Gennes (BdG) Hamiltonians H = Φ † H BdG Φ/2 with Φ = (Ψ, T Ψ † T −1 ) the Nambu basis. This Hamiltonian has built in particle-hole symmetry C = σ y τ y K that anticommutes with the first quantized Hamiltonian C H BdG = −H BdG C . The allowed superconductivity pairing terms will differ in the two cases. While the TI allows the pairing terms H TI BdG = H TI τ z +(∆ 0 +∆ z ρ z +∆ρ x )τ x , in the HOTI surface we have
In our notation ∆ 0 and ∆ z represent pairing within the same valley, and ∆ represents pairing across valleys. Note that the Nambu basis is distinct in the TI and HOTI cases, due to the different form of the time reversal operator. We consider Cooper-pairing within a single hinge, assuming that the neighboring ones are far away [36] . Given the limited region where the s-wave superconductor is deposited on the 2D surfaces, we ask whether the 1D helical hinge mode will be gapped by the superconductor or spatially split to form one dimensional Majorana modes at the edges of the superconducting region. A necessary condition for zero energy bound states to exist on (or near) the hinge is that there exists a set of spatially uniform parameters where the BdG Hamiltonian admits a zero eigenvalue. Obviously, this is the case when the mass, the Zeeman field and the superconductivity all vanish. We look, however, for other combinations.
In the 2D TI case such zero eigenvalue occurs at k = 0, provided that (
2 m 2 admits a real solution for the mass function m. It is only possible if ∆ z = 0 and ∆ 2 > ∆ 2 0 . Physically this condition is not pertinent. The intervalley pairing ∆ is suppressed by the spin structure of the Dirac points, since s-wave pairing occurs within time-reversal partners. The natural case is that ∆ 0 dominates, leading to a fully gapped spectrum [18] .
The surface of a HOTI presents us with a different situation. To guarantee a gapless spectrum the following relation must hold,
At a non-zero m this condition can only be satisfied if
. Assuming that pairing with non-zero momentum is suppressed by the s-wave superconductor, ∆ 0 would be small, and we neglect it from now on. Then, the gap closes at a combination of a non-zero mass and superconducting gap ∆ provided that the superconductor is strong enough ∆ > vk 0 . When ∆ < vk 0 , on the other hand, Eq. (9) is satisfied if m = 0 and vk = ± v 2 k 2 0 − ∆ 2k 0 , withk 0 the unit vector along k 0 . The two valleys remain separate in momentum space. We note by passing that this implies that in the surface of a TCI, where m is forbidden by symmetry, superconductivity shifts the gapless points. Superconducting pairing must pass a threshold to gap the spectrum.
Turning now to the hinge mode of the HOTI, we consider a y-dependent mass function m(y) and intervalley pairing ∆(y). In the absence of ∆ 0 , ρ z is a constant of motion, and the 8×8 Hamiltonian matrix splits into two 4×4 blocks, differing by the value of ρ z . Assuming ∆ to be the largest energy scale at the hinge, we start by setting k 0 = 0. Then, the two blocks describe two surfaces of 3D strong TIs that are time reversal partners of one another, each subjected to a space dependent magnetic mass and a space dependent superconducting mass. We find Ω(y) by solving the differential equation (4), now with the derivative multiplying Γ = σ y τ z and with the mass being M (y) = m(y)σ z ρ z +∆(y)(cos φτ x +sin φρ z τ y ). In this case, the projector takes the form P = (1+σ x ρ z τ z )/2. The two superconducting terms anticommute with each other, but can be diagonalized with a rotation to φ = 0 with the unitary transformation U = exp iφρ z τ z . In the following we choose φ = 0. In this case, σ z ρ z τ x determines the location l = ±1 of the one dimensional Majorana modes, y = y h + ly ∆ . The effective Hamiltonian H e = vk x τ z σ x P defines the chirality s = τ z σ x . Out of eight solutions labelled by s, l and ρ z , the projector fixes ρ z to coincide with the chirality. However, in contrast with the magnetic case, the location is no longer correlated with s, since the helical mode splits into two helical Majorana modes rather than two chiral modes. With this, we label the eigenstates by χ sl such that H e χ sl = sk x χ sl , P χ sl = χ sl and σ z ρ z τ x χ sl = lχ sl . They are explicitly given by χ sl = (χ s , lχ −s )
T , where χ s acts in spin-valley space as defined above. An explicit form of Ω(y) can be found by considering ∆(y) = ∆sech 2y/y 0 ,
For completeness, we include k 0 in two limits. First vk 0 ∆. In this case, the matrix elements of k 0 y vanish χ sl |σ y ρ z |χ s l = 0 while k 0 x couples solutions of the same chirality but at different locations y ∆ , χ sl |σ x ρ z |χ s l ∝ δ ss δ l,−l . Here δ is the Kronecker delta. This will shift the energy of the Majorana modes but not gap them, since they have the same chirality. The energy shift is exponentially suppressed by y ∆ . Second, we consider vk 0 ∆. In this case, superconductivity is a perturbation to the hinge modes of the form (6) . These are shifted in momentum. Introducing superconductivity would allow the pairing of the modes with opposite momentum, but the pairing energy is not strong enough to overcome the energy difference required to pair states with the same ρ z eigenvalue. Finally, we note that ∆ 0 can indeed introduce a gap in the spectrum within one hinge, since the matrix elements χ s,l |ρ x τ x |χ s l ∝ δ s ,−s δ l ,−l couple the opposite chiralities. For the case where the helical Majorana modes are separated by y ∆ , the gap will be exponentially suppressed by this separation.
Majorana fermion interferometry The surface of the HOTI allows for a time-reversal-symmetric generalization of the chiral-Majorana-fermion interferometer proposed by Fu and Kane [15] , and by Akhmerov, Nilsson and Beenakker [16] . In that interferometer the surface of a strong TI was gapped by ferromegnets of opposite magnetization, separated by a superconducting island. In our set-up, shown in Fig.1 (b,c) . The helical hinge mode carrying the electrical current will be split into two helical Majorana modes forming a time-reversal invariant topological superconductor. As explained above, the two chiralities in these helical modes are in correspondence to the two Dirac cones. When a voltage is applied between two points on the hinge mode, on two sides of the superconductor, current will flow in one of these chiralities. Since the helical Majorana modes form a closed loop surrounding the superconducting region, we can consider the effect of piercing n magnetic flux quanta Φ = nh/2e through the superconductor. In complete analogy to Refs. [15, 16] , the Majorana modes acquire a phase, which in the case of n odd will turn an incident electron into a hole. In this case, an electron current will be converted into a hole current, and, by charge conservation, will create an electric current of twice the incident current through the superconductor, assumed to be grounded.
Conclusions We have found that generally the hinge modes of a higher order topological insulator behave very different from the helical edge mode of a 2D, inversion symmetric, topological insulator when in proximity to either a ferromagnet or an s-wave superconductor. When coupled to a Zeeman field the helical hinge modes will be split into two one dimensional modes of opposite chirality that surround the proximitized region. When coupled to an s-wave superconductor, the outcome depends on the strength of the coupling. Weak coupling would change the position of the hinge mode in momentum space, but would not gap it. Strong enough coupling would split the mode into two helical Majorana modes. These outcomes are most easily understood when one regards the HOTI as two 3D strong TIs superposed on one another. Our observations open the way for a time-reversal-symmetric generalization of the Majorana interferometer, in which the basic properties of the neutral Majorana modes find their way to charge transport. Furthermore, they open the way for manipulations of these hinge modes based on their coupling to ferromagnets and superconductors. In principle this phenomena may also be found in two dimensional topological insulators that break inversion symmetry.
